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1 Section Note Overview

This section note will cover how, beginning from the vanilla policy gradient and REINFORCE;,
we can make policy gradient methods more sample efficient. In particular, we would like to take
multiple gradient steps using the same batch of trajectories, instead of throwing the batch away
after a single update. As we will see, doing this makes the data slightly off-policy, and so our goal
will be to reuse this data while preventing the new policy from moving too far away from the policy
that collected it.

Outline

Section Main idea

2. KL divergence We will introduce KL divergence as a way to measure how far apart
two policies are, and derive its 2nd order Taylor approximation in
terms of the Fisher information matrix.

3. Off-policy policy We will use importance sampling to derive an exact off-policy policy

gradient gradient, and see why products of probability ratios make its
estimator very high variance.

4. Off-policy policy We will instead pursue policy iteration, deriving a lower bound on

iteration policy improvement that can be optimized using old-policy samples
and constrained with a KL trust region.

5. Proximal Policy We will replace the explicit KL penalty with PPO’s clipping

Optimization objective, giving us a simpler way to take multiple updates on the

same batch.

6. Natural policy gradient Finally, we will reuse our quadratic KL. approximation to derive
F(0)7'V4J(0) as the locally best policy update under a small KL
budget.

2 KL Divergence

The Kullback-Leibler divergence is a very widely used probability distribution divergence measure
in machine learning and RL. Given two distributions p(z) and ¢(x) over a space X,

Dxr (pllg) = Eznyp [log p(z) — log g(x)] . (1)

Ie., KL divergence is measured as a difference in log probabilities taken under expectation over the
first distribution. KL divergence is always > 0.

You might observe that the KL divergence is asymmetric. The forward KL, E,., [log p(x) — log q(z)]
is not necessarily equal to the reverse KL, E, [log ¢(x) — logp(z)] (can you calculate under what
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conditions they are equal?). Depending on the problem, you might prefer to use one over the other.
A good way to decide which direction to use is to ask, do you want the distribution ¢(z) to cover
the mass of the distribution p(z), or do you want ¢(x) to mode-seek p(x)? Forward KL encourages
the former because log g goes to —oco when ¢ assigns low probability mass to places where p does,
thus encouraging g to “cover” p. Reverse KL penalizes places where ¢ puts mass where p is tiny
(since log p goes to —oo), which generally leads to mode-seeking, as ¢ is encouraged not to place
probability mass where p says it’s unlikely. Think about what happens when p is a (fixed) mixture
of two well-separated Gaussians, and ¢ is a single Gaussian. What will ¢ look like if you minimize
forward vs reverse KL?

KL divergence is a very popular divergence measure because (1) it is tractable to compute for many
popular distribution parameterizations (calculating the expectation for categorical distributions is
very easy, and for many continuous valued distributions, e.g., Gaussians, KL can be calculated
in closed form), (2) KL divergence is differentiable so long as supp(p) C supp(q) (the support
of a distribution p is supp(p) = {z : p(x) > 0}), and (3) the KL divergence between two distri-
butions close in parameter space can be approximated well with a 2nd order Taylor expansion:
Dxu, (pollpo+s) ~ 367 F ()8 where F is the Fisher information matrix (see next).

Approximating KL for parametrically close distributions It can be the case that
the two distributions we want to measure KL divergence between are both parameterized in the
same way (i.e., by a neural network with the same architecture), and the parameters of these
distributions happen to be close in parameter space. Denote these distributions pg and pg4s.
As you will see later in the Natural Policy Gradient, we can set up a scenario where we want
to take gradient steps updating pgys using samples collected by py, and in order to make this
operation safe, we need to constrain pg4s to be close to pg, for which we will use the KL constraint
Dx1, (pollpe+s). While we can solve the problem of optimizing pg s while constraining Dk, (ps||po-+s)
by fully evaluating Dx1, (pgl|pg+s), we will find we can make the constrained optimization problem
computationally easier by approximating Dxr, (pg||pe+s) with a Taylor expansion, which will be an
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accurate approximation if § is small. Let’s work out the Taylor expansion:

Dxr. (pollpo+s) = Eznp, [log pa(x) — log pgys()] (2)

1
~ Egpy [logpg(x) — (logpg(x) + 6TV log pe(z) + §5TV§ logpg(a:)(5>] (3)

~ Brvpe |~ Vilogpa(a) — 337V logpa(2)3 (4)
= 0" Benpy [V logpo(x)] — 3Eanp, [6793 lopo()0] (5)
_ T / po() Vo log po(x) do — %Exwm [67V2 log pp()d] (6)
=" [ @)D s - 8, 37V o (o)) 7
=0 [ Vapo(2) dz = 5Eomp, [57V log 0 (2)3] (8)
— 8790 [ po(e) d = 5Eompy [67V log po(2)3] (9)
= ~8"Vo(1) ~ JEamp, [67V3 log po(x)0] (10)
= iEprg [5TV2 log pg( )5] (11)
= 3 Eany, [795 (Vi log po() o (12)
_ _%Emg 5T, ng&(gc )5} (13)
_ —%Eszg 57 <v§f ("x(;c ) _ ng(;) (Z;fe(x)T> 6] (14)

mNPQ

_ _% 57 (Exwpg [Vgpe Vepe Vepe ]) 5 (15)

]-
:_%5T (/Vape d:v) (/ Vors(x mv@pe )) 5 (16)

= —%6T (( dx> < (Vopg(x <V9p9 ) d$>> d (17)
- 3" (Va0 - ( [ ot Vatog ) (Valogpata)” ac) )5 )
= —%6T ( Eznpe Vo log pe() Ve logpe(x)T> 0 (19)
- %6TF(9)5 (20)

where F'(8) = Ey~p, Vo log pe(2) Ve log pg ()7 is called the Fisher information matrix. So as desired
we have written out an approximation of the KL divergence with a 2nd order Taylor expansion,
and we will use this approximation later to do KL-constrained policy optimizations.
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3 A First Attempt at Using Off-Policy Data: the Off-Policy Policy
Gradient

The remainder of this section note will be structured as follows. We will start from the vanilla
policy gradient and the REINFORCE algorithm from lectures 5/6, we will motivate why we would
like to make REINFORCE more sample efficient, and then we will try to find ways to increase
sample efficiency by using slightly off-policy data.

Recap: the REINFORCE Algorithm Recall our estimation for the policy gradient:

H-1

VoJ(0) =Er, > Vologm(ar|s) AT (21)
t=0
1 N H-1 o
~ > Vglogmg(ai|si) A7, (22)
i=1 t=0

Using this gradient expression to optimize 7y yielded a very simple RL algorithm called REIN-
FORCE:

Algorithm 1 REINFORCE

1: Sample trajectories {7}, by running my(as | s¢).
2 Vol (0) % § 2ty Xty Velogmo(a | s)AT,
3: 00+ aVyJ(0).

A goal in reinforcement learning is to train policies that optimize the RL objective well, but to
also do so in a manner that is sample efficient, because for many problems we care about collecting
samples can be expensive. It is easy to see how REINFORCE, at an intuitive level, is wasteful in
the samples it collects; our estimate of the gradient in step 2 can only use samples collected from
g, because the expectation in eq. 21 is over mg. This means that when we take a single gradient
step in step 3, for the next iteration we are forced to collect a brand new set of samples (and we
often want to take many thousands of gradient steps). This issue is further exacerbated by the
fact that our policy gradient estimate, eq. 22, is itself high variance. We studied how intelligently
computing flgt, such as by using discounting, baselines, causality, GAE, etc., can improve sample
efficiency, but in practice even with these improvements many samples can still be needed to get
sufficiently low-variance gradient estimates useful for learning.

It would be great from a sample efficiency perspective if our policy gradient estimate could use
samples collected by previous policies. This would unlock access to all data collected by all previous
policies, and more data intuitively should yield better gradient estimates. It turns out we can
exactly compute a form of the policy gradient that leverages off-policy samples.

3.1 The Off-Policy Policy Gradient

The goal in computing the off-policy policy gradient will be to compute Vg J(0) = VyE__p,, (r) [7(7)]
using trajectories not sampled from pg(7), but from some other distribution p(7), despite the
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expectation in the RL objective being under pyg(7). p(7) can for example represent the combined
distribution of all previous policies, or even previous policies and some human demos. We will
denote the “behavior” policy that collected p(7) as mg(als).

VGJ(Q) = VQETNpg(T) [T(T)] (23)
=V [ por)re) dr (24)
=0 [ B0 () ar (25)
= [ str >p9((j>) () dr (26)
where we have just applied a trick called importance sampling (IS), with 2 9(( )) being the IS weights.
Expanding from eq. 26,
Vo / ()2 () dr = / Vo < 7;;’((:)) (T)) dr (28)
Vopo(T) . 4r
= [T a (29)
—E, V”()j()T)r( ) (30)
because only pg(7) depends on 6.
Vopo(r) .\ _p  Po(T)Velogpe(r)
ETNﬁ(T)WT(T) - IE‘I'Np(‘r) ]3(7') ( ) (31)

applying the same log-derivative trick we used to derive the (vanilla) policy gradient.

7 )MVG log po(7)7(1) = Erp( )p(so) [1/5" mo(a
T~p(T ]3(7') T~p(T p(so) Hfi?)l s

Ht 6 mo(ar|s
Ht o' ma(a st

t15t)p(sev1lse, ar)

at|st)p(se+1lse, at)

Vg logpg(7)r(r) (33)

Vologpg(r)r(r) (32)

TNp

(a
(
)
)
which, then expanding out Vg log pg(7)r(7) like we did for the vanilla PG gives us

HHfl 7T9(a ’S H-1 H-1
VoJ(0) :Emp(r) < %:91 i ) (Z Vg IOgﬂ'G(at|5t)> (Z T(St,at)> (34)

Ht:(] ma(at |5¢) t=0 t=0

Note that this last expression is exactly the same as the on-policy policy gradient, except with an
IS term on the left that is a product of probability ratios. Let’s multiply out the three terms inside
the expectation, applying the principle of causality.

e Lo (ay|syr) = Yo (agr|spr)
=Erp(r) [Z Vo log mg(at|st) <H M) (Z T(St’aat’)< H W))] (35)

=0 o melavlse) )\ i p=t+1 P
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This last step was a little tricky, so try to work out how multiplying out the terms results in this
expression and how causality is applied (hint: first apply causality to the return-to-go term, then
distribute in the IS term, split the product, then distribute again into the RTG term, then apply
causality to the 2nd IS term).

Okay! We have now derived an exact expression for the off-policy policy gradient. Are we done?
Unfortunately no. While we can derive from this an unbiased estimator for the off-policy policy
gradient (by sampling from p(7)), the variance of this estimator has blown up, now for a new reason:
the importance-sampling weights are products of per-step ratios over the horizon H, and products
like this can vary dramatically in magnitude across trajectories. Since these weights multiply the
Vo log my terms in the gradient expression, Vg log my terms with very small weights are effectively
“ignored” relative to the ones with larger weights, in effect decreasing the effective dataset size,
blowing up the sample variance.

4 Off-Policy Policy Iteration, Instead of PG

Attempting to optimize the RL objective by computing (and taking gradient steps in the direction
of) the off-policy policy gradient led to a gradient estimate, that while could consume off-policy
samples, was very high variance. So towards finding our desired more sample efficient algorithm,
we are now going to pursue a new direction: finding an off-policy policy iteration algorithm. Recall
that a policy iteration algorithm is one that takes steps that guarantee improvement of the RL
objective. As we will see, we will be able to write out a practical policy iteration algorithm that
will look very similar to policy gradient.

We can think of the goal of policy iteration as finding a new set of parameters ¢’ such that J(6') —
J(0) > 0. Recall the time-discounted form of the RL objective:

J(Q) = ]ETNpg(T) Z ’}/tT(St, at) (36)
t

Our plan will be as follows. We will choose an appropriate |7 | in the equation J(¢') — J(0) = ,
where then instead of optimizing J(0') — J(0) w.r.t. 0" with gradient ascent (which is equivalent
to just optimizing J(6') w.r.t. ¢'), we will optimize . If we were to directly try to optimize
with gradient ascent, then we will exactly recover the policy gradient (because J(8') — J(0) = ),
which doesn’t get us anywhere because as we just saw it is difficult to optimize the policy gradient
with off-policy samples. Instead what we will do is show that if € is similar enough to 6, then we
can find an expression that lower-bounds | 7 | (where the tightness of this bound is a function of how
similar 6 is to 6), where this lower bound only involves expectations over 6, allowing us to optimize
it with gradient ascent using samples only from 6. Optimizing lower bounds of objectives that
are difficult to optimize directly is a very standard practice in machine learning. We will recover
a gradient (the gradient of the lower bound of ) that will look a lot like the policy gradient,
but won’t exactly equal it (unless #’ = 6), but this is okay because following the gradient of (the
lower bound of) J(0') — J(0) still improves the RL objective. This makes this a policy iteration
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algorithm. Okay let’s get started:

J(O) — J(0) = (37)

= J(0") = Egomp(so) [V (50)] (38)
= T~ Ery ) [V (50)] (39)
=J(®) - Erpp Zytvw St) Z’ytV”‘) St ] (40)

oo

=J(0) +Erp,(r) [Z’Yt YV (s141) = V7™ (s¢)) (41)

=Erpy(r) Z Yr(se ar) | +

TNPQI(T [nyt ng St+1) Vﬂ—g(st))] (42)
=Erpp(r) Zv r(se,a) + V™ (s141) — V”"(St))] (43)
9/

(44)

= ETNpgl(T) Z 'YtAﬂ-e (st7 at)

where in eq. 38 we changed the expectation (which is valid because 7 sampled from any distribution,
including py (1), always contains sp), in eq. 40 and eq. 41 we applied the standard telescoping sum
trick, and in eq. 44 we invoked the standard definition of the advantage function. What this final
equation tells us is that J(6') — J(#) is equal to the advantage of the old policy in expectation on
trajectories sampled from the new.

As you might observe, the RHS in eq. 44 involves an expectation over trajectories sampled from
the latest policy 7. As per our plan, we will next find a lower bound whose expectation is over
7 ~ pp(7), which can allow us to use off-policy samples to optimize 6" (the “off”-policy in question
being my). First, let’s change the expectation in eq. 44 to be a composition of expectations over
states and actions:

Erpyr () [Z VAT (s, at)] =D By ) 1A (50, 00)] (45)
t=0 t=0

= Z ESthgl(St) [Eatwﬂ*@/(aﬂst) ['VtAﬂ-e (Stv at)” (46)
=0

- o (at|st) ¢ 4x
= Z ESthg/ (st) |:Eat~7r9 (atl|st) |:f)/tA o (8t7 at):| :| (47)
t=0

71]9((1,5|St)

where in eq. 45 we used the linearity of expectations, in eq. 46 we used the fact that although the
expectation was originally over trajectories, the term inside the expectation depended only on s;
and a¢, and in eq. 47 we used importance sampling. The IS weight in eq. 47 is acceptable because it
is a single probability ratio, instead of a variance-exploding product we saw before. The remaining
step is to try to change the outer expectation to be over py(s;) by constructing a lower bound.

To begin constructing the lower bound, we will first prove the following claim: py(s;) is close to
per(s¢) when 7 is close to .
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Claim: py(s;) is close to py(s;) when my is close to .

Proof. We will say that 7y is close to mp if |mg/ (a¢|st) — mg(at|s:)| < e for all s;, where || is the total
variational divergence measure (to illustrate TVD: if the two distributions are categorical, then TVD
is the sum of absolute values of differences of the probabilities of each bin). Next, we are going to use
the following lemma (which was proved in a prior work): if |px(z) — py(z)| = €, 3.p(z, y) such that
p(z) = px(z) and p(y) = py(y) and p(z = y) = 1 —e. Le., if the TVD between two distributions
px and py over the same space (whose samples we will denote by z) is equal to €, then there
exists a joint distribution over two random variables whose marginal over the first is distributed
according to pyx, and whose marginal over the second is distributed according to py, and where
p(x = y) =1 — e. This lemma is useful because it translates a TVD assumption into an equality
assumption. Concretely, plugging in myg: and 7y for px and py, our initial |7 (ag|s) — mg(ar]s)| < e
assumption allows us to say that mg (a¢|sy) # mp(a¢|s;) with probability at most e. If over a
sequence of ¢ decisions 7y does not make a “mistake”, and predict a different action than 7y, then
the state distribution pg/(s;) = pg(s¢). More generally, mgp(at|si) # mp(ai|s:) with probability at
most € means that py (s;) = (1 — €)'pp(st) + (1 — (1 — €)")Pmistare(5¢). Then, |per(s:) — pa(st)| =
(1= €)pa(se) + (1= (1= ) pumstae (1) — Pa(50)] = [Pa(50)((1 =€) — 1)+ (1 = (1 — ) Prmitakel50)| =
‘(1 - (1 - 6)t)pmistake(slf) - (1 - (1 - e)t)p9(5t)| = (1 - (1 - 6)t)|pmistauke(st> _p9(8t)’ < 2(1 - (1 - €)t)
because the maximum TVD between any two distributions is two, and we don’t know anything
about pistake(st) S0 we conservatively assume maximum TVD. Now, for € € [0,1], (1 —€)! > 1 — et
(can you prove this?), and so our bound on the state distribution mismatch becomes |pgr(s;) —
po(st)] <2(1 — (1 —€)t) < 2et. O

Now that we have a bound on the TVD between the state marginals given an assumption on the
TVD between the policies, we can proceed to bound the RHS of eq. 47 and the version of the RHS
with the outer expectation over py(s;) instead of pgr(s¢).

First note the following:

By (so)lf (s6)] = ZPH’(St)f(St) (48)

= ZPH(St (st +Z por(st) — po(se))f(se) (49)

= ZPG (s0)f
> ZP@ st)f Z [por (s¢) — po(se)| | f(se)] (51)

(por (st) — po(st))f(st) (50)

22MMMW(@W@®ZW@%WM! (52

St

= By (ool 0] = (x| 0] ) o) = po(o)| (53)

where in eq. 53 we replaced > [pgr(st) —po(st)|, the TVD between py(s¢) and pg(st), with the same
thing in shorthand notation, |pg (s¢) —pe(s¢)|. Plugging in the bound we derived for |pg: (s¢) —po(st)|,

By 60 51)] 2 By 0] — 2 (max 750 ) (54)
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Now we can directly use this to get the bound for J(¢') — J(6):

J(el) — J(Q) = ZEstr‘vpgl(St) |:Eat~7r9(atst) |:7T0w<at’8t)’ytATr9 (St) Cbt):|:| (55)
t

7r9(at|st)

o (ae|s -
2 § :EStNPG(st) |:]Eat"“7r9(atst) |:(t|t))’7tA Q(St’at)]] - E 2etC (56)
t t

W@(at|3t

where C' is the maximum value our “f” can take on. “f” in our case is an expected value of an
importance weight (which in expectation will become 1) times an advantage, which has maximum
value of the horizon (H) times the maximum possible reward. So

J0)— 760) > Y Europnion [Eamw [”“WA( >H Y 2etO(Hr)  (57)
t t

m;(atlst)

Great! We’ve now successfully derived a lower bound of J(6’) — J(#) whose expectation is over 6,
allowing us to optimize it w.r.t. 6’ using samples only from 6. And as long as the TVD |my (at|s) —
mo(at|s¢)| < e for small enough €, then we can be sure that the error term ), 2etO(Hrmax) is small,
and so when we optimize our lower bound, we are indeed also optimizing the original objective
J(0") — J(6).

With this, our objective becomes:

T (aelst) 4 ox
0 argel}laxzt:Eswpe(st) |:]Eat’\/71'9(at|8t) [W’Y AT (s, ar) (58)
subject to the constraint
|or (at|st) — molag]se)| < e (59)

Now remember from section 2 that we generally like to work with KL divergences due to their
many nice properties. Indeed in this case as well, we would like to re-write this TVD constraint
as a KL constraint, because it will make subsequent constrained optimization easier. There is a
known relationship between KL divergences and TVDs that we can exploit for this, namely that

1
lpa —pBl < 5 D (pallps) (60)

So if we constrain KL, we will be constraining an upper bound on TVD, meaning we can simply
swap our TVD constraint for a KL constraint. This gives us the following constrained optimization
problem:
/ o (afse)
0 arg;/na‘XZt:Esthe(St) []anﬁe(aﬂ&) [7T0(at|5t)’¥ AT (s¢, ) (61)
subject to the constraint
D (o (aelse)[mo(aclse)) < e (62)

A standard way to solve a constrained optimization problem when the constraint is an equality
constraint is to set up an unconstrained optimization problem that includes the original objective
minus a factor A times the equality constraint, and we optimize the original parameters plus the
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parameter A jointly in the unconstrained optimization problem. Concretely, we will make our KL
divergence inequality constraint into an equality constraint, Dxi, (g (a¢|st)||mo(at]st)) = €, and
then we will maximize the following objective w.r.t. the parameters 6’ and \:

T\ At |S
LX) = X o | Bavemtaog | oo A7 (s, 0)| | = A (Drc el ) -
t
(63)

We will optimize this objective using something called dual gradient ascent/descent. In par-
ticular, we will alternate the following procedure:

Algorithm 2 Primal-dual update

1: 0" < argmaxg L(6, )
2: A= A+ o Dxr(mor (at | st) [ mo(ac] s)) —e)

where « is a learning rate for A\. In essence what this procedure is doing is optimizing 6’ to
simultaneously maximize the original unconstrained objective and minimize the KL constraint to
0, where the relative magnitude of these two losses is determined by A. If the KL constraint
is being violated significantly, i.e., if Dgr(mg(as | s¢) | mo(as | s¢)) — € is large, then it is likely
that X is too small, and the KL part of the loss is effectively being ignored with the model just
optimizing the original unconstrained objective, and so the dual optimization step (step 2) increases
the KL constraint weight A. Similarly if the objective is being satisfied, A can be lowered. Dual
gradient descent is an elegant way to turn general constrained optimization problems into amenable
unconstrained optimization problems.

And we’re done! We now have an algorithm that can make use of slightly off-policy data, boosting
sample efficiency. The way you would use an algorithm like this in practice is to iterate (1) collecting
samples with the latest policy, and (2) doing multiple gradient updates (instead of just 1 like in
REINFORCE) on the same batch of data, using dual gradient descent on the KL-constrained off-
policy objective (egs. 61, 62). Exercise for you: differentiate eq. 63 w.r.t. #’. Hint: first find a
way to combine the expectations and move it outside the summation, and use the closed form of
the KL from section 2. Does the resultant gradient look familiar?

The KL constraint helps with more than just enabling more sample-efficient learning; it helps
stabilize policy optimization by enforcing a so-called “trust region”. The KL constraint can also
be interpreted as a way to “naturalize” the gradient to reflect the direction to best update the
policy (see Natural Policy Gradient for more on this). See Proximal Policy Optimization (PPO)
for a modern practical slightly-off-policy policy iteration/gradient RL algorithm that forgoes the
complexity of dual gradient descent.

5 Proximal Policy Optimization (PPO)

The algorithm we finished deriving in the previous section can essentially be thought of as the
KL divergence form of Proximal Policy Optimization (PPO): we optimize our slightly off-policy
objective while using a KL penalty with an adaptive coefficient A to prevent the new policy my from
moving too far from the policy 7y that collected the data. This works, but needing to additionally

10
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optimize A complicates the algorithm. The more commonly used form of PPO gets rid of the KL
penalty and X entirely, and instead directly modifies the objective using something called clipping.

First define the per-timestep probability ratio

WACHED)
We(atlst) '

rt(G') == (64)
When ¢ =6, ri(0') = 1. If (') > 1, then the new policy assigns more probability to the sampled
action than the data-collecting policy did, and if r,(6") < 1, it assigns less probability. Using this
shorthand, the unconstrained part of our objective from eq. 61, replacing the exact advantage with
an estimate, can be written as

H-1
ﬁls(el) = ETNpg(T) [Z ")/tTt((gl)Agg . (65)
t=0

The problem is that if we take many gradient steps on this objective, the ratios can move very
far from 1. The objective can then be improved by making a sampled positive-advantage action
dramatically more likely, or a sampled negative-advantage action dramatically less likely, even
though the advantage estimate may be noisy and the collected data is becoming increasingly off-
policy relative to my,. Previously, the KL constraint prevented this. The clipping form of PPO
instead optimizes

H-1

Lcrip (9/) = ETNpg(T) [Z 7t min (Tt(QI)A;m,Chp (rt(el)a 1- €clip» 1+ 6clip) A:e)
t=0

where clip(z, 1 — €clip, 1 4 €cip) clamps « to the interval [1 —€gip, 1 +€qlip). We use a new symbol eqip
here because this probability-ratio range is not the same quantity as the KL radius € from before.
Notice that when 6 = 6, r4(#') = 1 and clipping does nothing, and so the clipped and unclipped
objectives have the exact same gradient at the beginning of the update. Clipping only changes the
subsequent gradient steps as 6’ moves away from 6.

At first glance it may seem a little strange that we take the minimum between the unclipped
and clipped terms. To understand this, first suppose Af” > 0. The sampled action was better
than expected, so maximizing the objective should increase its probability, i.e., increase r:(0").
However, once r(0') > 1 + €cip, the clipped term is smaller and constant, so this sample provides
no additional incentive to increase the action probability even further. Now suppose Af“’ < 0.
The sampled action was worse than expected, so maximizing the objective should decrease its
probability. Once 74(6") < 1 — €qlip, the clipped term is again the smaller term and constant, so this
sample provides no additional incentive to decrease the probability further. Importantly, clipping
only removes the benefit of moving too far in the improving direction. If the probability ratio moves
in the wrong direction, the unclipped term is selected and the policy is still penalized. This is why
we take a minimum instead of simply replacing r;(0") with its clipped value everywhere.

Okay! We can now write out the clipping form of PPO:

11
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Algorithm 3 PPO (clipping form)

1: Sample trajectories {7¢}¥, by running 7y (a|s;) and estimate Afg
2. 0"+ 0.

3: fork=1,...,K do

4: Shuffle {7'}& | into minibatches {Bj}j]\/il.

5: for j=1,...,M do

6: 0 — 0 + OJVQIZCLIP(QI; Bj).

7 end for

8: end for

9: 0+ 0.

During the K epochs, the policy in the denominator of eq. 64 and the advantage estimates are both
kept fixed. As 6’ moves away from 6, the same samples become slightly off-policy, but clipping
prevents each sample from continuing to reward an excessively large probability-ratio change in
the improving direction. Here ECLIP(G’ ; B;) is the empirical estimate of eq. 66 on minibatch B;.
After the K epochs, we collect a fresh batch using the updated policy and repeat. This is where
PPO gets its improved sample efficiency: instead of taking just one gradient step on each batch
like REINFORCE, we can take multiple minibatch gradient steps while limiting how much each
sample rewards a large ratio change.

One important subtlety is that the clipped objective does not impose a hard constraint that every
probability ratio remains inside [1 — €glip, 1 + €clip]. A ratio can move outside this interval because
changing shared neural network parameters to improve other samples can move it, and because
clipping stops providing an incentive to move farther in the good direction instead of actively
pushing the ratio back into the interval. Clipping also only directly considers the state-action pairs
in our sampled batch, and so does not guarantee that the KL divergence between the entire old and
new policies is small. Thus clipped PPO is best thought of as a simple practical approximation to
a trust-region update, instead of an exact constrained optimization algorithm with a guarantee of
policy improvement. In practice, PPO is usually implemented as an actor-critic algorithm, using
a learned value function to compute advantage estimates (often with GAE), and implementations
will sometimes additionally stop the PPO epochs early if the measured KL becomes too large.

6 Natural Policy Gradient

We have now seen multiple ways to stop a policy update from moving too far away from the policy
that collected our data. But so far, whenever we have computed a policy gradient g = VyJ(6),
we have still treated g as an ordinary gradient in parameter space, taking an update of the form
0 < 0 4+ ag. Why should Euclidean distance in parameter space be the right notion of distance for
policies? A small change to one parameter might drastically change the action distribution, while a
much larger change to another parameter might barely affect it at all. The natural policy gradient
instead chooses the update that improves the objective the most while remaining within a small
KL neighborhood of the current policy.

12
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Let ¢ = 0 + 4. For a sufficiently small §, we can first-order Taylor expand the RL objective:
J(O+6)~J(O0)+9"6,  g=V4J(0). (67)

We will measure the distance between two policies using the KL divergence averaged over states
visited by the current policy:

D1 (0,0 + 8) = Eseamo [Dxw (o (-]8) | To15(:]5))] (68)

where d™ (s) = (1 —7) > ;25 7'pe(si = s) denotes the normalized time-discounted distribution over
states visited by mg. In practice, we estimate this expectation using the states in our sampled batch.
We use the old-to-new direction of KL in eq. 68 because this is the direction we Taylor expanded
in section 2; the other direction gives the same quadratic approximation at 6 = 0.

Recall from section 2 that for two parametrically close distributions,

1
Dx1, (pollpo+s) = §5TF(9)5- (69)

Applying this expansion to the policy at each state, and then taking the expectation over states,
gives

_ 1
Dk, (0,60 4 6) ~ 5(sTF(e)a, (70)
where now the Fisher information matrix is the policy Fisher
FO)=E s [Vologma(als)Vologmo(als)”] (71)
a~g(als

Ie., this is exactly the Fisher matrix we derived earlier, now additionally averaged over states
visited by the policy.

Solving for the natural policy gradient We can now put the linear approximation of the
objective in eq. 67 and the quadratic approximation of the KL in eq. 70 together:

1
§* = argmax g’ 0 subject to §6TF(0)6 <e. (72)
é

Le., among all parameter updates that change the policy by at most € units of KL, choose the one
predicted to improve the RL objective the most. To solve eq. 72, form the Lagrangian

L(6,))=gT6 -\ <;6TF(9)6 — e) : (73)

Assuming for the moment that F'(0) is invertible, setting the gradient of this Lagrangian w.r.t. §
equal to zero,

VsL(6,\) =g — AF(0)5 =0 (74)
5= %F(Q)’lg. (75)
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Unless g = 0, the optimal update will use the full KL. budget, so the constraint will be tight.
Plugging eq. 75 into the constraint,

1

ﬁgTF(G)_lg =€ (76)
T -1
_ |9 F@O) 'y

A= o (77)
PR " (78)

-\ gTF(0) g v

Thus the update direction is

Vo (0) = F(6)'VyJ(6) , (79)

which is called the natural policy gradient. The scalar in eq. 78 simply scales this direction so
that the update uses exactly the allowed KL budget under our quadratic approximation; alterna-
tively, we can write the update as 6 < 6 + aF(0)~'g and treat a as a learning rate.

Why does multiplying by F~! “naturalize” the gradient? An ordinary gradient is the steepest-
ascent direction under a Euclidean constraint 67§ < e, while the natural gradient is the steepest-
ascent direction under the local policy-space constraint 5TF(0)5 < 2e. Directions in parameter
space that cause action probabilities to change substantially have high curvature under F' and are
shrunk, while directions that barely change the policy can receive larger updates. The update
is therefore scaled according to how much it changes the actual policy distribution, instead of
according to an arbitrary Euclidean distance between the parameters.

At first, the update F~'g might look computationally impractical: for a neural network policy,
F can have millions of rows and columns, and so we cannot explicitly construct and invert it. In
practice, we do neither. We approximately solve F'x = g using conjugate gradients, which only
requires Fisher-vector products F'v that can be computed efficiently with automatic differentiation.
We also commonly solve (F' + nl)x = g for a small damping value 7 to make the system better
conditioned. Once we have a direction z, we can scale it under the quadratic approximation as
§ = \/2¢/(zT Fx)z, or line search along it until the measured KL is small enough. And that’s
the natural policy gradient: the locally best policy update under the same trust-region idea that
motivated both the KL and clipping forms of PPO.
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